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Abstract

Let G be a simple graph with no isolated vertices. A subset D of a vertex set
V(G) is said to be a total dominating set of G if for every vertex v € V(G), there
is a vertex u € D such that uv is an edge. The minimum cardinality of a total
dominating set is called the total domination number of G and it is denoted by
1¢(G). If 3(G) = 2, then for every vertex v € V(G), v;(G — v) is well defined. For

a vertex v € V(G), 7;(G —v) is either equal to y;(G) or less than y;(G) or

greater than y,(G). We get a partition V(G) = V;” UV,? U V;*, where
Vi ={veV/n(G-v) <G,

VP = {ve V/7(G -v) = v/(G)}, and
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Vi ={v e V /(G -v) > v(G)}.
In this paper, we obtain a necessary and sufficient condition for a vertex to be in
Vi (V;). We prove that if v € V;*, then the induced subgraph < N[v] > is not

complete and N(v)N'V;” = ¢. If V" # ¢, then |V;'| < |Vt0| If V(G) = V; and
n = (y;(G) - 1)A(G) + 1, then we show that G is regular.

1. Introduction

We consider only simple finite undirected graphs without isolated
vertices. For graph theoretic terminology, we refer to [2]. If x is a positive

real number, |x | and [x]| denote, respectively, the integral part of x, and
the least integer not less than x. To each vertex v of a graph G, N(v)
denote the set of all vertices of G, which are adjacent to v, and

N[v] = N(u) U {v}.

A set D of vertices of a graph G is said to be a dominating set, if every
vertex in V — D is adjacent to some vertex in D. We call D a total
dominating set for G, if every vertex in V is adjacent to some vertex in D.
The minimum cardinality of a dominating set (a total dominating set) of
G is denoted by y(G), (y;,(G)) and is called the domination number (the

total domination number) of G. The concept of the total domination
number was introduced by Cockayne et al. [3]. For further results, one
can refer [1, 3, 4, 5, 6].

In this note, we study the effect of the removal of a vertex on the total

domination number.
2. Definition and Main Results

Let G be a graph with 8(G)> 2. Then y,(G —v) is defined for
all veV(G). For a vertex ve V(G), either y,(G-v)=y,(G) or

1(G = v) < 1,(G) or v,(G - v) > 7,(G). Let V(G) = V;- UV,? UV,", where

Vi ={v e V/1(G-v) < (G},
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VY = {v e V/1(G -v) = 1,(G)}, and
Vi ={v e V/v(G-v) > v,(G)}.
Example 2.1. For the graph G given in the Figure 1,

Vii=0,2,34; V. =¢ V2=1{6128,910.
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Figure 1

Example 2.2. For the graph G given in the Figure 2,

V,"=1{1,2}; Vi ={4}; and V2 = {3, 5, 6, 7}. (Note that y,(G) = 3.)

3\']/3 b\/?
1 2

Figure 2

Example 2.3. For the cycle C5, V =V, and for the cycle Cy,,
V= Vto. If Sis a vy;-set of G, then the removal of any vertex in V - S
can not increase the total domination number and hence V," < S for
every y;-set S of G, and |V;'| <v,(G). For the graph G given in

Example 2.1, |V;"| = y;(G). So, this upper bound for |V;"| is attained.
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Remark 2.4. V;" need not be equal to N{S /S isa y,-set of G}. In

other words, if a vertex v € S, for every y,-set S of G, then it is not
necessary that v e V;". In the graph given in Figure 3, v € S for all

y;-set Sof G,yet v ¢ V;". (In fact, for this graph V = Vto; Vi =V, =4¢.)

v

Figure 3

Now we prove the following theorem:

Theorem 2.5. A vertex v of a graph G, (8(G) > 2), isin V" iff

(@) v € S, for every v; - set of G, and

(1) if D is a subset of V — N[v] with |D| < y;(G), then D is not a

v, - set for G —v.

Proof. Let v € V;". Then by our earlier remark v € S, for every
y;-set of G. If DV - N[v] and D is a y,-set for G —v, then as
v e V', wehave |D| 21+ y,(G), hence (ii).

Conversely, assume that conditions (1) and (i) are satisfied. If

ve¢ V', then ve Vto UV,. So, there exists a set D c V —v with
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|D| < v;(G) and Dis a y;-set for G —v. If D N[v] # ¢, then Ditselfis a

y; - set for G not containing v, a contradiction to (i). If DN N[v] = ¢, we

get a contradiction to (ii). Thus v € V. a

Theorem 2.6. For any graph G with 8(G) > 2, if v e V", then

(i) PN,(v, S)={ueV(G)/Nu)NS = {v}} contains at least two

vertices for any v; -set S of G.

(1) (N[v]) is not complete.

(i) N©)NV; = 6.

Proof. (i) Assume that for some y,-set S of G, PN,(v, S) = {u}. As
deg(u) > 2 select a vertex w #ve N(u). Then we¢ S and w is
dominated by S —v, (as w ¢ PN,(v, S)). Now (S -v)U {w} is a y,-set
of G, not containing the vertex v, which is a contradiction to the fact that

u e Vi'. So |PNy(v, S)| = 2.

(1) If (N[v]) is complete, consider any y;-set S of G. Clearly v e S
and |N[v]N S| = 2. If |N[v]N S| = 3, then S - v is a total dominating set
for G, which is a contradiction. Hence |[N[v]N S| = 2. As 2 <|PN,(v, S)|
< |N(v)|, there is a vertex w € N(v)—S. Then (S —v)U {w} is a y;-set

for G, which is a contradiction to v € V;". Thus N[v] is not complete.

(iii) If possible let u € N(v)NV; . Let D be a y,-set of G —u. As

ueV,|D=y/(G)-1 and D is not a y;-set of G. So DN N(u) = ¢, in
particular v ¢ D. Select a vertex w # v € N(u), (note that deg(u) > 2).
As N(w)N D # ¢, the set DU {w} is a y,-set for G, not containing the

vertex v, which is a contradiction to v € V;*. Thus, we have N(v) NV, = ¢.

O
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Remark 2.7. If v € V;", then |PN,(v, S)| 2 2, for every y;-set S of G.
The induced subgraph (PN, (v, S)) may be complete. For example, for the
graph G given in the following Figure 4, v e V;' and (PN,(v, S)) is
complete for (any) y,-set S of G. Also note that u e V" and
PN,(u, S) c V;*, where S = {u, v, w} is the unique v, -set of G. In fact,
Nlu]l c V;".

Figure 4

In Figure 3, we have given an example for a graph G with §(G) > 2

and Vto = ¢. For these graphs, V;" = ¢. In the following theorem, we

prove that V;" # ¢ implies V2 = ¢.

Theorem 2.8. For a graph G with 5(G) > 2 and V;" = ¢, |[V;7| < |[V]|.

Proof. It is enough to prove the theorem by assuming G is connected.
For a 7v;,-set S of G, define A(S) and B(S) as A(S)=
v e Vit | PN,(v, S) c V;} and B(S) =V, — A(S). Then V" = A(S)
U B(S). As V;" # ¢, either A(S) = ¢ or B(S) = ¢.

Let v € A(S). As PN,(v, S) c V;" < S, PN,(v, S) < N(v)N S and as
|PN;(v, S)| 2 2, we have v ¢ PN;(u, S) for any u e PN;(v, S). This

shows that PN,(x, S)NS = ¢; PN,(u, S) = V. and u e B(S), for all
u € PN;(u, S). Thus, we proved that
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(1) A(S) # ¢ implies B(S) # ¢, and

(2) for every v € A(S),

PN,(v, S) c V{ for all u € PN,(v, S). 1)
From (1), we have

V" # ¢ implies B(S) # ¢ for all y, -set S of G. 2)
Case (i). Assume that A(S)= ¢ for some y,-set S of G. Let
B(S) = {v, vg, ..., v }. To each v; € B(S), select a vertex u; e
PN,(v;, S)N VL. To each v e A(S), let A°(v) = U{PN,(v;, S) - {u;} / v;
e PN,(v, S)}. Note that for every v; € PN,(v, S), PN,(v;, S) < V,° and
|PN,(v;, S)| > 2. So |A°(v)| > |PN,(v, S)| > 2, for all v e A(S). The sets
{ug, ug, ..., up}, A°@) for v e A(S) are disjoint subsets of V.. So

V| = |BS) + 2| A(S)] = [Vi'| + A(S)] > [V, as A(S) # .
Case (ii). Assume that A(S)=¢, for all y,-set S of G. Then
V" = B(S), for all y,-set S of G. Then for every v e V, (= B(S)),
PN,(v, S) NV = ¢ for any y,-set S of G. So if |PN,(v, S)N V| > 2

for some v € V;* and for some v, - set S of G, then [V°| > |V;*| = |B(S).

Now, further assume that |PN,(v, S)N V.| =1 for all v e V,*, and
for all y,-set S of G. Fix any y,-set S of G. To each v e V;", select a
vertex v' € V;" N PN,(v, S). As N(')NS = {v}, we have PN,(v, S)N
V;" = {v} and hence N(v)NS = {v'}. Thus (V;") is a matching in G.

Further, we note that if uv' is an edge in (V;"), then

PN,(v, S) = {v'} and PN, (v, S) = {v} forall y,-sets S. (3)
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If deg(v)>3 for some veV,, then |[N@)NV’|>2 and so

|Vt0| > Z |N(w)N Vt0| > |V;"|. Now, we make an addition assumption

ueV;t
that deg(v) =2 for all veV'. Let {u =PN,(v,S)NV.
(Asdeg(v) = 2, |PN,(v, S)NVL| = |PN,(v, S)NV;*| =1, for all v e V;".)
Let C = U{(PN,(v, S)NV)/v e V;'}. Then |C| = |V;'| = |B]|. Note that
C is invariant with respect to the choice of y, - set S, as we have assumed

that deg(v) = 2 in G for all v e V;". We claim that V # BUC. For if

BUC =V, then the induced graph (C), contains no isolated vertex and

hence C is a v,-set of G and C contains no element of V;", which is a

contradiction. Thus V # B U C and hence, there is a vertex w ¢ BUC
such that w is adjacent to some u e C. As we¢ B=V,",w e VtO Uuvy.

If weV;, let D be a y;-set of V-w. Then |D|=1y,(G)-1 and
DN N(w)=¢. Hence u ¢ D, but u is dominated by D. Therefore,
D U {u} is a total dominating set of G, with cardinality y,(G). It follows
that DU {u} is a v,-set for G and if N(u)N B = {v}, there is a unique

vertex v’ € V;" adjacent to v (as (V;") is a matching and B = V;"). Now

v, V', u belong to the y,-set DU {u} of G, which is a contradiction to (3).
Hence only possibility is w e V,°. Thus, in this case, |V,°| > |C U w}| =

|B| +1 = |V,"| + 1. Thus, we have proved that [V,’| > |[V;"| in all the cases.
O
Remark 2.9. (i) For the graph given in Figure 4, |Vt0| =1+|V/|.

() If |Vi'|#¢ and A={ve VS /PNy(v,S)cV,}#¢ for some

v;-set S of G, by the Theorem 2.8, |V,°| > |B| + 2|4|, where B = V" — A.
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The lower bound for |Vt0| is attained for the following graph given in

Figure 5:
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<
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The graph Gy, for which |V,°| = 4k.
Figure 5

Corollary 2.10. For a graph G with §(G) > 2, Vto =¢ implies
V=V

Remark 2.11. For a graph G with §(G) > 2, V =V, < G is a total
CVR.

The following theorem characterizes the set V; :

Theorem 2.12. Let G be a graph with 3(G)> 2. Then a vertex

v e V[ iff there exists a vy, -set S, such that v ¢ S and PN,(u, S) = {u}

for some u € S.
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Proof. Let v € V. Then y,(G - v) = y,(G) - 1. Let D be a v, - set for
G —v. Then |D| = v,(G) -1 and hence D is not a total dominating set for
G and N(v)N D = ¢. Select a vertex w € N(v). Then DU {w} is a y; - set
of G, such that v ¢ DU {w} and PN,;(w, S) = {v}, where S = DU {w}.

Conversely, assume that S is a y;-set of G, such that v ¢ S and
PN,(u, S) = {v} forsome u € S. Asv ¢ S and PN,(u, S) = {v}, S —u is
a total dominating set for G —v. Hence v,(G -v) =|S - u| = 1;,(G) - 1.

Therefore, v € V. O

Theorem 2.13. Let G be a simple graph with §(G) > 2. If V(G) = V;~
and n = (v;(G) -1)A(G) + 1, then G is regular.

Proof. As V =V, , for each vertex v e V, y,(G —v) = y,(G) - 1. For
each v, let S, be a v;-set for G — v. Then

@) N)NS, = ¢

() Nw)NS, = ¢ forall u e V —v.

(i) 2 < deg(w) = |[N(w) N (V -v)| < A(G), for all w € S,.

As |V —u| = A(G)(v,(G) - 1) = A(G)|S, |, it follows that |[N(u)N S,| =1
for all w € V —v, and |[N(w)N(V —v)| = A(G) for all w € S,,, and hence
deg(w) = A(G), whenever w € S, for some v € V(G). Let w € S,. Then
for each vertex we S,-w, we have |[N(u)NS,|=1 and hence
IN(S, —w)N Sy| =1|S, —w| =|S,|-1. So, there is exactly one vertex
x € S, such that N(x)N (S, —~w)=¢. But as x € S,,, w ¢ N(x), and
hence N(x)NS, = ¢. This is possible only when x = v, as S, is a y, - set
for G —v. Thus w e S, > v e S, and hence if u € V, then u € S, for

some v and deg(u) = A(G) for all u, which is the required result. O
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